We construct local and global moduli spaces of supersymmetric curves with Ramond-Ramond punctures. We assume that the underlying ordinary algebraic curves have a level n structure and build these supermoduli spaces as algebraic superspaces, i.e., quotients ofétale equivalence relations between superschemes.
Introduction
Supersymmetry requires the introduction of spaces with "both bosonic and fermionic coordinates," as fermion fields and fermionic parameters are anticommuting objects. After such spaces were formally introduced by physicists (see e.g. [30] ), mathematicians immediately set out to look for a sound notion of these structures, and in the beginning different kinds of "supermanifolds" were proposed (see [3] and references therein). It became soon apparent that the Berezin-Leȋtes approach [4] , also developed by Kostant [21] and Manin [23, 24, 25, 26] , closer in spirit to algebraic geometry, provides the most suitable notion of supermanifold, or graded manifolds as Kostant called them, and of supervarieties or superschemes. Super Riemann surfaces, or supersymmetric (SUSY) curves, are an interesting chapter in this story. Their introduction was advocated by Friedan [16] (but see also [2, 23] ) in connection with superstring theory. In the Polyakov approach to the bosonic string [29] the quantum scattering amplitudes are computed in terms of an integral over a compactification of the moduli space of (complex) algebraic curves, with punctures representing the asymptotic particle states. However, one of the effects of the compactification is that the Polyakov measure acquires poles at the boundary. The fermions that one introduces in supersymmetric models help to cancel the poles, and Friedan suggested that a compactification of a suitable moduli of punctured SUSY curves could be the right integration space for superstrings.
There are various constructions of these supermoduli spaces, different in techniques and nature. There are analytic constructions of the supermoduli of SUSY curves of genus g ≥ 2 as an orbifold (see, for instance, [6] ), and, among them, the seminal paper by LeBrun and Rothstein [22] on which many other constructions rely. In [11] a supermoduli space for SUSY curves with Neveu-Schwarz (NS) punctures was constructed as an (Artin) algebraic superspace, that is, the quotient of anétale equivalence relation of superschemes. To ensure the existence of a fine moduli for ordinary curves, these constructions fix a level n structure, with n ≥ 3, on the curves. Quite recently, Codogni and Viviani have given a construction of the supermoduli of SUSY curves as a Deligne-Mumford (DM) superstack [5] without considering level n structures. The supermoduli built in [11] as an algebraic superspace is actually an explicit construction of a coarse moduli space for the supermoduli DM stack, that should exist once the representation result in [19] will have been extended to supergeometry. Deligne's manuscript letter [7] contains all the necessary information to construct global compactified moduli superspaces as algebraic superstacks obtained from the DM stack of stable algebraic curves.
In the last years, there has been an increasing renewal of interest in supergeometry, in particular in the supermoduli of SUSY curves, with and without punctures. The most important works that have recently brought new life to supergeometry are those of Witten [33] and Donagi-Witten [12, 13] . Although no construction of the supermoduli spaces is offered there, those papers contain several results on the nonprojectedness of the supermoduli, which have important consequences for perturbative superstring theory, as this shows that one cannot integrate on the supermoduli by first integrating over the fibres of a (nonexisting) projection to the ordinary moduli. Some earlier results about the projectedness of the supermoduli can be found in [14] . Moreover, substantial work has been done about superperiods and the generalization of the Mumford formula to the supermoduli of SUSY curves [33, 8, 5, 15] . This paper is devoted to the study of Ramond-Ramond supersymmetric curves (RR-SUSY curves, for short), i.e., loosely speaking, SUSY curves that have Ramond-Ramond punctures supported along positive divisors. We study their geometry and construct their supermoduli. To our knowledge, there is no other global construction of the supermoduli of SUSY curves with Ramond-Ramond punctures for positive genus available in the literature (see the recent preprint [28] for the genus zero case). Following the construction of the supermoduli for SUSY-curves given in [11] , we prove that the moduli functor of isomorphisms classes of RR-SUSY curves is representable by an (Artin) algebraic superspace. In the complex case, algebraic spaces, that is, the quotients ofétale equivalence relations of schemes (locally of finite type) [1, 20] are precisely those sheaves whose underlying analytic space is a Moȋsezon space, namely, an analytic space whose field of meromorphic functions has transcendence degree equal to the dimension of the space [27] . In the "super" case one defines algebraic superspaces as quotients ofétale equivalence relations of superschemes.
The paper is organized as follows. In Section 2, to fix the notation and for the sake of a reasonable self-completeness, we provide a summary of well-known basic facts about superschemes and their morphisms. The material here can be easily found in the literature, though sometimes the definitions and results are scattered through many different sources. Section 3 is devoted to the geometry of supercurves, understood as superschemes of dimension (1, 1) , of positive superdivisors and of SUYS curves with Ramond-Ramond punctures along a positive supervisor. According to the physical interpretations of punctures, we assume that the positive superdivisors along which the Ramond-Ramond punctures are supported are reduced, or, in the case of families, that the superdivisors are nonramified over the base. SUSY curves with Ramond-Ramond punctures are not SUSY curves, since they are equipped with an odd distribution which is superconformal only in the complementary of the divisors. For a single RR-SUSY curve, around a prime divisor of the puncture the conformal distribution is locally generated by a vector field
However, contrary to what happens for SUSY curves, for a family X → S of RR-SUSY curves this is true only after taking anétale covering of the base S (Proposition 3.6). The infinitesimal deformations of an RR-SUSY curve X → S (over an ordinary scheme) are computed in Corollary 3.14. They are needed to give the local fermionic structure of the supermoduli.
Section 4 is devoted to the global construction of the supermoduli of RR-SUSY curves of genus g with n R Ramond-Ramond punctures. As in [11] we assume g ≥ 2 and fix a level n structure with n ≥ 3. The supermoduli for RR-SUSY curves is constructed along the same lines as the supermoduli for SUSY curves [11] . The first step of the construction is the determination of the underlying ordinary space to the supermoduli. This happens to be the moduli scheme M RR of RR-spin curves, that is, of curves with a line bundle whose square is the canonical sheaf twisted by the inverse of the ideal sheaf of the puncture (Theorem 4.5). It is a fine moduli space, in the sense that it represents the sheafification of the functor of RR-spin curves, however, as the latter is not a sheaf, M RR does not carry a universal RR-spin curve. However, it has a universal "RR-SUSY curve class," namely, there is a universal curve X RR → M RR with a relative positive divisor Z RR of degree n R and a class Υ in Pic(X RR /M RR ) such that Υ 2 = [κ X RR /M RR ⊗ O(Z RR )] in the relative Picard group, but Υ may fail to be the class of a line bundle on X RR . We prove that there is anétale covering U → M RR such that the pull-back Υ U is the class of a line bundle L on
We can then move on to the second step of the construction: the determination of the local fermionic structure of the supermoduli M RR . If it exists, we see that locally its structure sheaf is the exterior algebra of the sheaf of odd infinitesimal deformations. Since we have already computed the latter, we get a local candidate for the supermoduli, namely, the superscheme U = (U, R 1 π U * (κ(Z) 1/2 ⊗ κ)), where κ = κ X U /U and Z = Z U (Definition 4.12). To complete the global construction we extend to RR-SUSY curves two results of LeBrun and Rothstein [22] (our theorems 4. 13 and 4.14) . The key point for the extension is Corollary 3.15, which reflects the fact that, under the hypotheses we have made, RR-SUSY curves have a finite number of automorphisms.
The construction of the supermodui of RR-SUSY curves now follows straightforwardly as in [11] . It turns out to be a algebraic superspace of dimension (3g − 3 + n R , 2g − 2 + n R /2). This is the content of Theorem 4.16. Moreover in Proposition 4.17 the "universal RR-SUSY curve class" X n NS ,n R → M RR over the supermoduli is also proven to have the structure of a algebraic superspace.
Finally, in Section 5 we combine our construction for the supermoduli por SUSY curves with Ramond-Ramond punctures with the supermoduli for SUSY curves with Neveu-Schwarz punctures to obtain the algebraic superspace which is the supermoduli for SUSY curves with booth types of punctures.
Superschemes and morphisms
In this section we recall some basic definitions in supergeometry. We fix an algebraically closed field k of characteristic different from 2; however, from some point one we shall assume k = C.
2.1. Superschemes. We start by recalling the notion of superscheme.
There is a decomposition O X = O X ,0 ⊕ O X ,1 into the part of degree 0 (or even part) and the part of degree 1 (or odd part). As usual, by "graded commutative" we understand that a · b = (−1) |a| |b| b · a for homogenous local sections a, b, where | | denotes the Z 2 -grading.
We refer to any text on supergeometry for the usual definitions of (Z 2 -graded commutative) sheaf, homogeneous morphism of sheaves, (graded commutative) tensor product, (graded commutative) derivation, etc. ( [3, 25] ). Morphisms of locally ringed superspaces are defined in a similar way as morphisms of ordinary locally ringed spaces: Definition 2.2. A morphism of locally ringed superspaces is a pair (f, f ♯ ), where f : X → Y is a continuous map, and f ♯ : O S → f * O X is a homogeneous morphism of graded commutative sheaves, such that for every point x ∈ X, the induced morphism of graded commutative rings
When no confusion can arise we denote a morphism of of locally ringed superspaces simply by f : X → S .
If X = (X, O X ) is a locally ringed superspace and U ⊂ X is an open subset, we say that (U, O X |U ) is an open locally ringed sub-superspace of X . Given a locally ringed superspace X = (X, O X ), we can consider the homogeneous ideal J = (O X ) 2 1 ⊕ (O X ) 1 generated by the odd elements. Then, O X := O X /J is a (purely even) sheaf of k-algebras. We say that the locally ringed space X = (X, O X ) is the ordinary locally ringed space underlying X . A morphism f : X → Y of locally ringed superspaces induces a morphism f : X → Y of the underlying locally ringed spaces, so that X = (X, O X ) → X = (X, O X ) is a functor.
The sheaves Gr j (O X ) = J j /J j+1 are annihilated by J so that they are O X -modules. Then we can consider the sheaf of O X -modules
which comes with a natural Z 2 grading. Definition 2.4. A superscheme is a locally ringed superspace X = (X, O X ) such that (1) the underlying ordinary locally ringed space X = (X, O X ) is a scheme, which we always assume to be locally of finite type over k;
Note that the second condition is equivalent to the fact that the shaves Gr j (O X ) = J j /J j+1 , and in particular E = Gr 1 (O X ), are coherent and that there are locally only finitely many of them. This implies that for every point x ∈ X there exists a neighbourhood U and an integer n = n(x) such that J n+1 |U = 0.
Example 2.5. If E is a coherent sheaf on a scheme X, the exterior algebra O X (E) defines a superscheme (X, O X (E)). In this case, there is an isomorphism of algebras O X (E) ∼ → Gr(O X ).
Note that, in general, for every superscheme X there is always a surjective morphism of O X -graded sheaves
A superscheme X is said to be affine if X is affine. In this case, if A = Γ(X, O X ) and A = Γ(X, O X ), one has X = Spec A, and O X is the sheaf associated to the presheaf of localizations of the graded commutative ring A.
and moreover E is locally free as an O X -module. A superscheme is locally split if it can be covered by open sub-superschemes that are split. Definition 2.7. A locally split superscheme X = (X, O X ) has dimension (m, n) if the scheme X has dimension m and the rank of E is n.
Remark 2.8. In most applications, all superschemes considered are locally split, or locally fermionic trivial as they are also called by some authors. From Subsection 2.5 on, all superschemes will be assumed to be locally split. Proposition 2.9. A locally split superscheme X = (X, O X ) of odd dimension n = 1 is canonically split.
Proof. The epimorphism ι ♯ : O X → O X induces an isomorphism (O X ) 0 ∼ → O X between the even part of O X and O X . Since n = 1, the sheaf L = J /J 2 = J is an invertible sheaf on X and (O X ) 1 = L Π , where Π denotes the parity change fucntor. One then has
We shall only consider sheaves of O X -modules which are Z 2 -graded. Morphisms of sheaves of (graded) O X -modules are supposed to be homogeneous of degree 0, unless some other condition is explicitly stated. The usual notions of quasi-coherent and coherent sheaves apply also here. Note that, due to the hypotheses in Definition 2.4, coherent sheaves are locally finite type quasi-coherent sheaves.
For every superscheme X , the surjection O X → O X = O X /J induces a closed immersion i : X ֒→ X of superschemes, defined by the (graded) ideal J . We say that X is projected if there is a morphism ρ : X → X such that ρ • i is the identity. In particular, split superschemes are projected.
The following result will be useful. Given morphisms f : X → S , g : Z → S , a fibre product f × g : X × S Z → S exists, together with two projections p 1 : X × S Z → X , p 2 : X × S Z → Z . For affine superschemes given by graded commutative algebras
For every morphism f : X → S of superschemes there exists a diagonal morphism δ f :
is an affine subscheme of X, and V, U are the induced open sub-superschemes, the diagonal of f :
. In this way one defines a sheaf ∆ f of graded ideals on X × S X , called the diagonal ideal of f : X → S . The quotient ∆ f /∆ 2 f is in a natural way a (graded) coherent sheaf of O X -modules.
Definition 2.11. The relative cotangent sheaf to f : X → S is the sheaf
The local sections of Ω X /S are called (Z 2 -graded) relative differentials. On affine open sub-superschemes they are generated by df where f is an homogenous section of O X . As for ordinary schemes, there is a derivation (of degree 0) over O S :
and Ω X /S has a universal property with respect to graded derivations. In particular, there is an isomorphism of (graded) O X -modules
This sheaf is called the relative cotangent sheaf of f : X → S and is denoted Θ X /S . If one considers the structural morphism X → Spec k of a k-superscheme X the absolute notions are obtained. Then, the cotangent sheaf of a superscheme X is the sheaf Ω X of (Z 2 -graded) differentials of X → Spec k, and Θ X = Der(O X ) ∼
→ Ω * X is the tangent sheaf. For every point x ∈ X (closed or not), the tangent space to X at x is the graded vector space
where k(x) is the residue field of the local ring O X,c , that is, Θ X ,x is the fibre of the tangent sheaf at x. One has Θ X ,x = Der k (O X ,x , k) when x is a closed point. 1 Let us consider the superscheme Spec k[ǫ 0 , ǫ 1 ], defined as (Spec k, k[ǫ 0 , ǫ 1 ]) where ǫ i has parity i and
of graded k-vector spaces, where the first member denotes the morphisms Spec k[ǫ 0 , ǫ 1 ] → X centred on x, that is, which map the single point of Spec k[ǫ 0 , ǫ 1 ] to x.
Let us write
for every supescheme X . Proceeding as above one can describe the sections of the restriction Θ X |X of the tangent sheaf to the underlying scheme. Namely:
1 There is a notationalinconsistency here, as Θ X ,x is not the stalk Der(O X )x = Der(O X ,x ) but rather its fibre Der(O X ,x ) ⊗O X,x k(x). We keep this inconsistency for historical reasons.
is identified with the subspace of the elements in Hom(U [ǫ 0 , ǫ 1 ], X ) that are extensions of the natural immersion U ֒→ X .
More
When Y = Spec k is a single closed point of X , we recover Equation 2.1.
(1) every irreducible component of X has dimension m, and (2) for every point x ∈ X (not necessarily closed), the stalk Ω X ,x of the cotangent sheaf at x is a free O X ,x -module of rank (m, n).
and only if
(1) it is locally split and n = rk E, and (2) X is a smooth scheme of dimension m.
Then, if X is smooth, for every point x ∈ X (closed or not) there are graded local coordinates, that is, m even functions (z 1 , . . . , z m ) in the maximal ideal m x of O X,x and n odd functions (θ 1 , . . . , θ n ) generating E x , such that (dz 1 , . . . , dz m , dθ 1 , . . . , dθ n ) is a basis for Ω X ,x .
Proof. Assume that the two conditions hold. Since the question is local, we can suppose that
where the θ i 's are odd and generate E. Then Ω X /X ≃ O X [dθ 1 , . . . , dθ n ] and the exact sequence of O X -modules
Since X is smooth of dimension m, Ω X,x is free of rank m for every point x, and then the two conditions in Definition 2.13 are fulfilled.
For the converse, the question is again local, so we can also assume that X is the spectrum of a local ring, which we still denote by O X . The exact sequence induced by i : X ֒→ X gives an exact sequence
where δ(θ) is the class modulo J of dθ. Decomposition into even and odd parts gives
where the second equality holds as Ω X is free. This proves that E and Ω X are free O Xmodules of rank n and m. In particular X is smooth as an ordinary scheme (see, for instance, [18] ). We only have to prove that the natural epimorphism O X E → O X = Gr(O X ) is an isomorphism. We proceed by induction on n, the case n = 0 being trivial. Take (z 1 , . . . , z m ) in the maximal ideal m or O X and (θ 1 , . . . , θ n ) in E such that (dz 1 , . . . , dz m , dθ 1 , . . . , dθ n ) is a basis of Ω X . If S is the closed sub-superscheme defined by θ m , Ω S is a free O S /(θ n ) module generated by (dz 1 , . . . , dz m , dθ 1 , . . . , dθ n−1 );
, reducing modulo θ n and applying the above isomorphism we see that ω = a j 1 ...j i−1 θ j 1 ∧· · ·∧θ j i−1 ∧θ n , where the sum runs on 1 ≤ j 1 < · · · < j i−1 ≤ n − 1 and the coefficients are in O X . Taking the differentials on 0 = a j 1 ...,j i−1 θ j 1 · · · · · θ j i−1 · θ n and using that (dz 1 , . . . , dz m , dθ 1 , . . . , dθ n ) is a basis of Ω X , we obtain that the coefficient of dθ n is zero, that is, 0 = a j 1 ...,
If X is a smooth superschemes, it is customary to denote by Ω + X and Ω − X the even an odd parts of the restriction Ω X |X = i * Ω X of Ω X to the underlying scheme, and similarly, by Θ + X and Θ − X the even and odd parts of the restriction of the tangent sheaf Θ X , and to refer to them as the even or the odd cotangent or tangent sheaves to X . The above proof shows that
where we use the functor Π to keeo track of the parity. This means that X is locally determined by either its odd tangent or cotangent sheaf. We shall exploit this property in the determination of the local fermionic structure of the supermoduli.
Morphisms of superschemes.
We only consider morphisms f : X → S of superschemes that are locally of finite type. Since our superschemes are locally of finite type as well, all morphisms are automatically locally of finite presentation.
Many of the notions of the different types of morphisms are defined mimicking the corresponding definitions for schemes, and no further explanation is needed.
The fibre of a morphism f : X → S of superschemes over a point y ∈ Y is the superscheme
Whenever one has a morphism of superschemes f : X → S , we also say that it is a relative superscheme or that X is superscheme over S . (1) If f : X → S is flat (resp. faithfully flat), then the induced morphism f : X → S between the underlying ordinary schemes is also flat (resp. faithfully flat).
(2) f : X → S is faithfully flat if and only if it is flat and for every quasi-coherent sheaf N is on S , the condition f * N = 0 implies that N = 0.
Proof. (1) We have only to prove that f : X → S is flat, since the surjectivity of f is topological. By base change we can assume that S = Y . Since the question is local on X we can also assume that O X = Gr(O X ). Then, for every morphism
This implies the statement.
(2) By applying Lemma 2.10 to S , we can assume that the base is an ordinary scheme S. Now it is enough to apply again Lemma 2.10 for X and the analogous statement for morphisms of ordinary schemes. 7)). Theétale topology is the Grothendieck topology on the category S of superschemes whose coverings are the surjectiveétale morphisms.
This allows to generalize to supergeometry some standard constructions and definitions about theétale topology of schemes. In particular, we have the following definition (see [11] ). Definition 2.19. An (Artin) algebraic superspace is a sheaf X for theétale topology of superschemes that can be expressed as the categorical quotient of anétale equivalence relation of superschemes
(here we are confusing superschemes and their functors of points). Definition 2.22. A deformation of X 0 with base the pointed superscheme (S , s 0 ) is a relative superscheme π : X → S with an isomorphism between the fibre of π over s 0 and X 0 , that is, such that such that there is a fibred diagram
. This defines a functor of deformations:
The trivial deformation of X 0 with base S is the product deformation
is the trivial deformation. Following the proof of Theorem 1.2.4 in [31] , one has Proposition 2.23. Every deformation of a smooth superscheme is locally trivial.
One easily sees that every locally trivial infinitesimal deformation
can be obtained by glueing trivial deformations
of superschemes over Spec k[ǫ 0 , ǫ 1 ] that induce the identity over the closed fibre. But such automorphisms are determined by automorphisms α of
, that is, a section of Θ X 0 on U ij . One deduces:
which maps the trivial deformation to zero. This map is called the Kodaira-Spencer map for X 0 . If X 0 is smooth, the Kodaira-Spencer map is a bijection
between the set of the isomorphism classes of all the infinitesimal deformations and the first cohomology group of the tangent sheaf.
Proof. See Theorem 1.2.9. of [31] or Theorem 2.1.2 of [32] .
It follows that Def inf (X 0 ) has the structure of a graded k-vector space. We shall often refer to H 1 (X, Θ X 0 ) as to the space of (automorphism classes of ) infinitesimal deformations of X 0 .
One can develop a similar theory for morphisms π 0 : X 0 → S 0 of superschemes, that is, for superschemes over "general points" S 0 . For any superscheme S and any "point" s 0 : S 0 → S , a deformation of π 0 : X 0 → S 0 with base s 0 is now a morphism π : X → S such that there is a fibred diagram
One has the natural definitions of trivial, locally trivial and infinitesimal deformations. Procceeding as above, one see that Propositions 2.23 and 2.24 remain valid when S 0 is affine. As a consequence:
is the sheaf (of pointed sets) of the infinitesimal deformations of π 0 : X 0 → S 0 , there is an isomorphism of sheaves of pointed sets
such that the trivial deformations go to zero. This is called the relative Kodaira-Spencer map for π 0 : X 0 → S 0 .
2.4. The Kodaira-Spencer map for general deformations. Given a general pointed superscheme s 0 : S 0 → S , we have seen (Proposition 2.12) that there is an identification of sheaves of pointed sets
where the second member stands for the extensions S 0 [ǫ 0 , ǫ 1 ] → S of s 0 . If π : X → S is a deformation of a smooth morphism π 0 : X 0 → S 0 with base s 0 , the pull-back φ(v) * (π) is an infinitesimal deformation of π 0 : X 0 → S 0 . According to Proposition 2.25 one has:
This map is called the Kodaira-Spencer map of the deformation π.
We can define a Kodaira-Spencer map for any smooth morphism π : X → S of superschemes. By the smothness of π there is an exact sequence
Definition 2.27. The (relative) Kodaira-Spencer map of π : X → S is the composition ks(π) : Θ S → R 1 π * (Θ X /S ) of the natural morphism Θ S → π * (π * Θ S ) ∼ → Θ S ⊗ π * (O X ) with the connecting morphism π * (π * Θ S ) → R 1 π * (Θ X /S ).
Note that, contrary to what happens for a morphism of ordinary schemes with connected fibres, the map O S → π * O X may fail to be an isomorphism.
Assume now that π : X → S is a deformation of a smooth morphism π 0 : X 0 → S 0 with base s 0 : S 0 → S . Then the relative Kodaira-Spencer map of π : X → S determines the Kodaira-Spencer map of π as a deformation of π 0 . Actually one can check that the following diagram commutes
where the vertical map is the cohomology base change morphism. We shall refer to R 1 π * (Θ X /S ) as the sheaf of (automorphism classes of ) infinitesimal deformations of π : X → S .
Supercurves and relative supercurves.
For brevity of exposition we adopt a restricted definition of supercurve.
Definition 2.28. A supercurve is a smooth proper superscheme of dimension (1, 1).
By Proposition 2.9 a supercurve is always split, and one has
for a line bundle L on X. Moreover, by Equation 2.1 one has
(decomposition into even and odd parts).
For future use, we state here a simple Lemma. Let D ֒→ Θ X be a locally free submodule of rank (0, 1). The composition of D |X → Θ X ,|X and Θ X ,|X → (L −1 ) Π is an odd morphism and induces an even morphism D |X → L −1 .
Proposition 2.29. If the quotient Θ X /D is locally free, the above morphism of O X -modules is an isomorphism:
Moreover, if (z, θ) are graded local coordinates, there is a local basis D of D such that D |X → D |X (θ)∂ under this isomorphism, ∂ being the dual basis of θ.
Proof. Since Der(O X )/D is locally free, one can locally find derivations D 0 and D 1 , even and odd, respectively, such that D = D 1 and (D 0 , D 1 ) is a graded basis of Θ X . Then the restrictions D 0|X , D 1|X form a graded basis of Θ X |X , so that Θ X ≃ D 0|X and (L −1 ) Π ≃ D 1|X = D |X according to the decomposition (2.1), and D |X → D |X (θ)∂ where ∂ is the dual basis of θ.
Definition 2.30. We say that a supercurve X = (X, O X ≃ O X ⊕ L Π ) has genus g and degree m if g is the genus of X and m is the degree of the line bundle L. An easy consequence of Proposition 2.21 is:
Proposition 2.32. For any morphism X → S of superschemes, the property of being a relative supercurve is local on the target for theétale topology of superschemes.
The fibre over a closed point s ∈ S is a supercurve X s = (X s , O Xs ⊕L s ) for a line bundle L s on X s . Since f is flat, the genus of X s and the degree of L s (Definition 2.30) are independent of the point s as far as S is connected, so we can define the genus g and the degree m of the relative supercurve X → S over a connected base.
Let π : X → S be a (relative) supercurve. Consider the diagram
Proceeding as in Subsection 2.5, one proves the following result: Proposition 2.33. Every supercurve over an ordinary scheme is split, i.e., O X S ∼ → O X ⊕ L Π for a line bundle L on X (here S is an ordinary scheme).
The splitting gives a retraction p : X S → X of the immersion j. Assume that S is split, S = (Y, E), so that the natural closed immersion i : S ֒→ S has a retraction ρ : S → S, ρ • i = Id. In this case we have another relative split curve ρ * X S = (X, (π * E ⊕ L π )) → S Proposition 2.34. The relative supercurves π : X → S and ρ * X S → S are locally isomorphic on the source, that is, there is a covering of X by open sub-superschemes U ֒→ X , such that U ∼ → ρ * U S . That is,
where L U S is the line bundle on U S induced by projection p : U S → U .
Proof. Let J S , J X be the ideals generated by the elements of degree 1 in O S and O X , so that E = J S /J 2 S and O X is locally isomorphic to F with F = J X /J 2 X . Since O X S ∼ → O X ⊕L Π by Proposition 2.33, L Π is the ideal of X into X S , and one has
as sheaves on X. The condition L 2 = 0 in O X S gives J 2 X ⊆ J S ·O X , and then, J 2 S ·O X = J 2 X . It follows that we have an exact sequence of O X -modules
Moreover, by flatness
Since L is locally free, the exact sequence is locally split, so that there is an open subset U ⊆ X such that
Taking U small enough, we can assume that O U ∼ → F |U and the result follows.
Corollary 2.35 (Local relative graded coordinates). Let π : X → S be a (relative) supercurve. Take a covering of S by splitting neighbourhoods V. Locally on π −1 (V), π is described by relative graded coordinates (z, θ), where z ∈ O X (U ), and θ is a local basis of L Π V|U .
Relative SUSY curves with Ramond-Ramond punctures
Our next step is to define supersymmetric curves with Ramond-Ramond punctures. SUSY curves are supercurves with a conformal structure, i.e., an odd distribution which is maximally nonintegrable. SUSY curves with Ramond-Ramond punctures have a "quasi" conformal structure: an odd distribution which is maximally nonintegrable in the complementary of a superdivisor, which is interpreted as the Ramond-Ramond puncture. Thus, in spite of their name, SUSY curves with Ramond-Ramond punctures are not SUSY curves, but rather degenerations of them.
3.1. SUSY curves. We recall the definition of a SUSY curve. Definition 3.1. We say that a relative supercurve π : X → S is supersymmetric, or a SUSY curve, if is there is a locally free submodule D ֒→ Θ X /S of rank (0, 1) such that the
D is a conformal structure for π : X → S .
Superdivisors.
To define Ramond-Ramond punctures we need a suitable definition of superdivisor. Let S = (S, O S ) be a superscheme and π : X → S a relative supercurve (Definition 2.31).
Definition 3.2.
A relative positive divisor of degree n is a closed sub-superscheme Z = (Z, O Z ) ֒→ X whose ideal is a line bundle O X (−Z ) of rank (1, 0) and whose structure sheaf O Z is a finite flat O S -module of dimension (n, n) (see [10] , Definition 5).
If (z, θ) is a system of relative graded local coordinates (Corollary 2.35), O X (−Z ) is locally generated by an element of type f = z n + (a 1 + b 1 θ)z n−1 + · · · + (a n + b n θ) ,
where the a ′ i s are even and the b ′ i s are odd elements in O S . Here n is the degree of the restriction of Z to the open sub-superscheme of X where (z, θ) are graded coordinates.
Since the projection Z → S is finite and flat, the underlying scheme morphism Z → S is a covering of degree n. Then, there is a dense open subset S ′ of S such that the fibre Z s over s ∈ S ′ is a reduced divisor of X s , i.e., it consists of n different points, Z s = x 1 + · · · + x n . The fibre over a point s of the ramification locus S − S ′ (which is closed of codimension 1 by Zariski's purity theorem [34] ) is a divisor Z s = p 1 x 1 + · · · + p q x q with n = p 1 + · · · + p q and at least one of the coefficients greater than 1. If we restrict X → S and Z to the nonramification locus S ′ = S |S ′ we have a nonramified superdivisor Z ′ of X ′ → S ′ . Then, we can find a system of relative graded local coordinates around each point in the support of the superdivisor so that the equation of the divisor is
To see this, one notes that for suitable (z, θ) Equation 3.2 takes the form f = z + bθ for an odd element b in O S ′ . Since (z + bθ, θ) is also a system of relative graded local coordinates, we get the desired expression.
This means that the splitting O X S ∼ → O X ⊕L and the corresponding retraction p : X S → X ca be chosen so that the local isomorphism X ∼ → ρ * X S given by Proposition 2.34 transforms Z to the superdivisorρ * Z (whereρ = p • ρ) induced by the underlying ordinary divisor Z ֒→ X. In other words, Proposition 3.3. Let Z a relative superdivisor on a supercurve π : X → S such that Z → S is nonramified. Then the pair (X → S , Z ) is locally (on the source X ) isomorphic to (ρ * X S → S ,ρ * Z), that is, locally one has
whereπ : X → S is the underlying family of ordinary curves, L X S = p * L and
One can choose relative graded coordinates (z, θ) such that Z is given by the equation z = 0.
Ramond-Ramond SUSY curves.
Definition 3.4. Let π : X → S be a relative supercurve, and Z ֒→ X a positive relative superdivisor. We say that π : X → S is a Ramond-Ramond-SUSY curve (or an RR-SUSY curve) along Z if is there is a locally free submodule D ֒→ Θ X /S of rank (0, 1) such that the
We then say that D is a Ramond-Ramond conformal structure for (π : X → S , Z ) or a Ramond-Ramond conformal structure for π : X → S along Z .
The irreducible components of the superdivisor Z are usually called the Ramond-Ramond punctures. Note that even these components may be ramified coverings of the base, that is, may intersect a fibre in a divisor with some points counted more than once.
RR-conformal structures can be described in terms of the relative Berezinian sheaf Ber(X /S ) = Ber(Ω X /S ) (see also [7] ). 
which proves the first statement. For the converse, taking Berezinians in the exact sequence
and one can choose relative graded coordinates (z, θ) such that Z is given by the equation z = 0.
For SUSY curves, one easily sees that the local coordinates can be chosen so that D is locally generated by ∂ ∂θ + θ ∂ ∂z . For RR-SUSY curves one only has:
Proposition 3.6. Let π : X → S be a relative curve, Z ֒→ X a positive relative superdivisor nonramified over S , and D a Ramond-Ramond conformal structure along Z . There exists anétale covering T → S with the following property: on the base-changed RR-SUSY curve (X T , Z T , D T ) → T locally there are relative graded coordinates (z, θ) such that Z T is given by the equation z = 0, and D T is locally generated by
These coordinates are called superconformal. Then, an RR-SUSY curve is locally trivial on the source in theétale topology, that is, locally on X T it is isomorphic to X T = (X, O X T ⊕ θO X T ) → T equipped with the superdivisor z = 0 and the distribution
Proof. We can asuume that S is affine. Take first (w, η) such that, according to Proposition 3.3, Z has equation w = 0. Since Θ X /S /D is locally free, tensoring by an invertible sheaf if is necessary, one can take a local generator of D of the form
where g is odd. Then Θ X /S /D(−Z ) is generated by the class of w ∂ ∂w . Since
where the second equality follows from g 2 = 0, the condition of D being a superconformal structure along Z is equivalent to
with β even and invertible and not depending on η. Let us write β = β 0 + wβ where β 0 is an invertible function in O S (S).
We can now take anétale covering of the base such that there exist α invertible in O(T ) such that α 2 = β 0 . So we can take
If we consider the local coordinates (w, θ = αη), we obtain a new local generator D = α −1 D ′ of D of the form
where the coefficient f verifies
whereγ is an even local section of O X S ∼ → (π * E). We want new relative graded coordinates (z,θ) fulfilling the requirements of the statement. We takeθ = θ. Then
and we have to solve zθ = ∂z ∂θ + f ∂z ∂w for z. Let us write f = f 1 + θwγ, z = z 0 + θz 1 , where the subscripts 0 and 1 stand for even and odd local sections of O X S ∼ → (π * E). We have two equations
From the first equation we obtain ∂z 1 ∂w = −( ∂f 1 ∂w z 0 + f 1 which has a solution because γ = 1 + wγ.
To conclude, note that even if theétale covering of the base depends on the coordinate neighbourhood chosen at the begining of the proof, since π is proper, there exists anétale covering of the base that works for all such coordinate neighbourhoods. 3.4. RR-SUSY curves over ordinary schemes. By Proposition 2.33, any relative supercurve X → S a over an ordinary scheme S is split, so that O X ≃ O X ⊕ L Π for a line bundle L on X. There is a decomposition
of the relative differentials as sum of locally free sheaves of rank (1, 0) and (0, 1). Here we write κ X/S = Ω X/S for the relative canonical line bundle of X → S, and the parity-change functor establishes the correct parity. One then has
so that the decomposition of Ber(X /S) as an O X -module into even and odd components is
If Z ֒→ X is a positive relative divisor (that may be ramified), it follows from Equation 3.2 that Z is determined by the ordinary relative divisor Z = Z |X to X → S; then
Proposition 3.8. The existence of an RR-conformal structure D on X → S along Z is equivalent to the existence of an isomorphism of O X -modules
These isomorphisms are called Ramond-Ramond-spin structures or RR-spin structures. That is, the existence of a Ramond-Ramond conformal structure D on X → S along Z is equivalent to the existence of an RR-spin structure on X → S along Z.
Proof. If D is an RR-conformal structure, by Proposition 2.29 one has D |X ∼ → (L −1 ) Π , and Ber(X /S ) ∼ → D −1 (−Z ) by Proposition 3.5. Then κ X/S ⊗ L −1 ∼ → L(−Z).
For the converse, if L ⊗ L ∼ → κ X/S (Z), Equation 3.4 yields
so that there is an epimorphism Ω X /S → Ber(X /S)(Z) and one concludes by Proposition 3.5.
Note that the existence of a Ramond-Ramond conformal structure forces the degree n R of Z to be even, because one has
If (X , Z , D) is an RR-SUSY curve over S, so that O X = O X ⊕ L, we write L = κ X/S (Z) 1/2 .
One also has
, as sheaves of O S -modules, where the direct sum is the decomposition into even and odd parts.
By Proposition 3.6 relative superconformal local coordinates exist after anétale covering of the base. A local computation shows that after that covering
Morphisms of SUSY curves with Ramond-Ramond punctures and base change.
A morphism φ : X ′ → X of supercurves over S induces a morphism of O X -modules
Definition 3.9. Let (X /S , Z , D) and (X ′ /S , Z ′ , D ′ ) be RR-SUSY-curves along relative positive superdivisors of degree m over a superscheme S . A morphism between them is a morphism φ :
We can then consider the category of RR-SUSY-curves of genus g along a relative positive superdivisor of degree m over a superscheme S . The automorphisms of (X /S , Z , D) are the automorphisms τ of X as a supercurve over S such that τ S (Z ) = Z and D and τ * D define the same subsheaf of Θ Xcal/S . In particular, when the base superscheme is an ordinary scheme S, so that O X ≃ O X ⊕ L, we have seen that the data (X /S, Z , D) are equivalent to (X/S, L, Z, ̟), where ̟ : L ⊗ L ∼ → κ X/S ⊗ O X (Z) is an isomorphism of O X -modules. Then τ is just a pair τ = (τ 0 , τ 1 ), where τ 0 is an automorphism of the underlying family of curves X/S with ̟(Z) = Z, and τ 1 is an automorphism of L as a line bundle, such that the isomorphism ̟ is preserved. In particular, if τ 0 = Id, then τ 1 = ± Id.
Let (X /S , Z , D) be an RR-SUSY-curve along a relative positive superdivisor Z over a superscheme S . If φ : T → S is a morphism of superschemes, base change gives a relative RR-SUSY curve X T = φ * X → T and a relative positive superdivisor Z T = φ * Z ֒→ X T over T . Moreover, since Θ X /S /D is locally free, D T = φ * D is a locally free subsheaf of Θ X T /T of rank (0, 1) and it is an RR-conformal structure for X T → T along Z T . We then have a relative RR-SUSY curve φ * (X /S , Z , D) = (X T /T , Z T , D T ) obtained by the base-change φ : T → S . In particular, if i : S ֒→ S is the natural immersion of the underlying ordinary scheme, we obtain a relative RR-SUSY curve (X S /S, Z S , D S ) over S, i.e., an RR-SUSY structure on the split supercurve X S → S. By Proposition 3.8, the restricted RR-SUSY curve (X S /S, Z S , D S ) is equivalent to a Ramond-Ramond-spin structure, that is, O X S ∼ → O X ⊕ L for a line bundle L on X, the superdivisor Z S is determined by its restriction Z to X, O X S (Z S ) ∼ → O X (Z) ⊗ O X O X S , the restriction D |X of D (and also of D S ) to X is isomorphic to L −1 , and one has L ⊗ L ∼ → κ X/S (Z).
3.6. Infinitesimal deformations of an RR-SUSY curve. Let (π : X → S , D, Z ) be an RR-SUSY curve. From now on, we always assume that Z → S is nonramified, so that the underlying divisor Z intersects every fibre in m different points. This ensures that every infinitesimal deformation of the pair Z ֒→ X → S is locally trivial, something that we shall not use explicitly but will have an effect on the computation of the dimension of the moduli space using infinitesimal deformations.
Definition 3.10. We define a sheaf G n R π whose sections on an open set U are the graded derivations D ′ ∈ Γ(U, Θ X /S ) that preserve D, that is,
When X is a single curve we shall use the notation G n R X .
If we consider a single RR-SUSY curve (X , D, Z ), from the discussion before Proposition 2.24 we see that the automorphisms of X 0|U ij × Spec k[ǫ 0 , ǫ 1 ] that preserve the induced distribution D ⊗ 1 are the ones defined by α(a ⊗ λ)
Summing up, one has: (1) There is an isomorphism
as sheaves of graded vector spaces. (2) There is an isomorphism of sheaves of graded vector spaces
where we have written L = κ X (Z) 1/2 .
Proof. Let us denote byπ the projection Θ X /S → Θ X /S /D. If D ′ is even, then a = a(z) and D(a) = zθa ′ , so that Equation (3.1) gives 0 = 2bz − aθ − zθa ′ . Thus, a is a multiple of z, so that a = zā(z), andπ sends D ′ to zāπ( ∂ ∂z ) and, since b is determined by a,π induces an isomorphism
If D ′ is odd, then a = a 1 (z)θ and D(a) = a 1 , which gives 0 = 2bz + a 1 . Then a 1 is a multiple of z and one sees thatπ induces an isomoprphism of G n R 1 with the multiples of z in (Θ X /D) 1 , that is, an isomorphism
(2) follows from Equation 3.4.
We can now compute the infinitesimal deformations of an RR-SUSY curve.
Corollary 3.14. Let (π : X → S, D, Z ) be an RR-SUSY curve of genus g over an ordinary scheme S. One has
where the direct sum is the decomposition between even and odd parts. Moreover, R 1 π * G n R π is a locally free O S -module of rank
Proceeding as in [22, Proposition 2.2], one has:
Corollary 3.15. Let (π : X → S , Z , D) be a relative RR-SUSY curve, where now S is any superscheme. One has π * G n R π = 0 .
Supermoduli of RR-SUSY curves
In the section we describe both a local and a global construction of the supermoduli space of RR-SUSY curves. From now on we assume that the base field k is the field of the complex numbers; this will be required in Lemmas 4.10 and 4.11. To simplify the exposition we shall only consider curves of genus g ≥ 2 with a level n-structure with n ≥ 3, so that they have no automorphisms but the identity and there exists a fine moduli scheme M g of ordinary curves, carrying a universal curve X g → M g . We also fix a positive integer n R which is the degree of the divisor of the relative positive superdivisor along where the Ramond-Ramond punctures are supported. The supermoduli of RR-SUSY curves is constructed in the same way as the supermoduli for SUSY curves [11] . The steps of the constructions are the following:
(1) Construction of the bosonic supermoduli. For that, we mean the underlying scheme (or the relevant algebraic structure) to the supermoduli, assuming that it exists. (2) Computation of the infinitesimal deformations of RR-SUSY curves.
(3) Construction of the "local supermoduli superscheme" out of the infinitesimal deformations. (4) Extension to RR-SUSY curves of the results of Le Brun-Rothstein [22] , which they proved in the case of SUSY curves.
From now on, we always assume that the positive relative divisors Z are nonramified over the base. So a curve with an RR-spin structure in the sense of Proposition 3.8 is an RR-spin curve, but the converse is only true after anétale base change, that is, locally for theétale topology. Moreover, as already noted in Equation 3.4, the existence of an RR-spin structure forces the relative degree n R of Z to be even.
If the morphism π : X → S has a section, Pic X → Pic X/S is an epimorphism [17, Section 2] and the 'relative RR-spin structure' has the form Υ = [L] for some invertible sheaf L on X. However, the sheaf L may still not be an RR-spin structure. On the other hand, since π * O X ∼ → O S , if there is an RR-spin structure L ∈ Υ along Z, any other RR-spin structure in the same class has the form L ⊗ π * N for an invertible sheaf N on S with N 2 = O S . Proceeding as in [11, Theorem 4.2] we obtain:
There is an isomorphism of sheaves for theétale topology
that is, the restriction of the functor of RR-SUSY-curves to the category of ordinary schemes is the functor of RR-spin-curves.
Consider now the morphism of functors over ordinary schemes S given by
Automorphism classes of curves X → S of genus g with a positive divisor Z ֒→ X of relative degree n R and nonramified over S
By Proposition 4.4, the "fibre functor" is the functor of RR-spin structures on X/S along Z. Take the moduli scheme M g of curves of genus g and the universal curve X g → M g . Let us consider the open subscheme M of the relative symmetric power S n R (X g /M g ) which is the complementary of all the diagonals. Then M is a fine moduli scheme for relative positive divisors of relative degree n R that are nonramified over the base (that is, whose fibres are positive divisors consisting of n R different points). This is a quasi-projective scheme of dimension 3g − 3 + n R . Let us denote by X → M the pullback of the universal curve, and by Z ֒→ X the universal positive divisor of X → M of relative degree n R . Note that Z → M is nonramified.
Let 
The natural projection M n R → M is anétale covering of degree 2 2g , so that M n R is a quasiprojective scheme of dimension 3g − 3 + n R . Now, the pullback X n R = X M × M M n R ֒→ X M × M J g−1+p of the universal curve, together with the pullback Z n R of the divisor Z and the "invertible sheaf class" Υ n R given by the restriction of Υ g−1+p to X n R , define a "universal RR-spin curve class" in S n R (M n R ), as one has
Theorem 4.5 (Bosonic moduli). The functor of spin-curves S n R is representable by the quasi-projective scheme M n R of dimension 3g − 3 + n R , which we call the bosonic supermoduli scheme, and the 'universal RR-spin curve class'
Due to the functor isomorphism (4.1), the restriction S n R |{Schemes} of the functor of RR-SUSY-curves to the category of ordinary schemes is representable by M n R together with a "universal RR-SUSYcurve class"
The "universal relative RR-SUSY curve class" X n R → M n R is not a true relative RR-SUSY curve with underlying scheme X n R , because Υ n R is not the class of a line bundle, however there exists an affineétale covering p : U → M n R such that p * Υ n R is the class of a line bundle L on the pull-back X U → U of X n R (for that it is enough that X U → U has a section). By Equation 4.1, L ⊗ L is isomorphic to κ X U /U (Z U ), where Z U is the pull-back of the universal divisor Z n R , up to the pull-back of a line bundle on U . We can then refine U if necessary to have an isomorphism Take an affineétale covering q : R → U × Mn R U and denote by (q 1 , q 2 ) : R ⇒ U the composition of q with the two projections (p 1 , p 2 ) : U × Mn R U ⇒ U . Then q * 1 X U and q * 2 X U are isomorphic as curves over R; let us write X R := q * 1 X U ∼ → q * 2 X U . Also q * 1 Z U and q * 2 Z U are isomorphic as relative divisors over R and we write Z R := q * 1 Z U ∼ → q * 2 Z U . One then has a diagram
where the double arrows areétale equivalence relations and the rightmost column contains the quotients in the category of schemes. We also have
The line bundles q * 1 L and q * 2 L are in the same class in the relative Picard group, so that q * 1 L ∼ → q * 2 L ⊗ π * N for a line bundle N on the base. By refining q if necessary, we can assume that N is trivial; then q * 1 L ∼ → q * 2 L. Let us denote byL one of these line bundles. Proceeding as in the proof of [11, Theorem 4.2] , we can refine q again so that there is an automorphism t ofL such that
Thus, considering the relative RR-SUSY curves X R = (X R , O X R ⊕L) and X U = (X U , O X U ⊕ L), the above diagram can be completed to a diagram of RR-SUSY curve classes
where we are confusing superschemes with their functors of points. Moreover, since X n R is separated, the morphism X R
− −−− → X U × X U is a closed immersion as well. This proves the following:
Proposition 4.7. The "universal relative RR-SUSY curve class" is the quotient of theétale equivalence of superschemes
That is, X n R is an Artin algebraic superscheme (see [11] Definition 6.3) whose underlying Artin algebraic space is the relative curve X n R → M n R over the bosonic moduli scheme. Moreover X n R is separated [20, Chap. 2, 1.8].
Since U and R are local moduli spaces for RR-SUSY curves on the category of ordinary schemes, one has: We want to describe the supercurvesπ : X → S with an RR-SUSY structure D along a superdivisor Z extending (X * , Z, L). We consider two such supercurves X ′ → S and X → S as equivalent if there exists an isomorphism X ′ ∼ → X of relative RR-SUSY curves over S which restrict to the identity on (X * , Z, L).
In this case we consider the sheaf of abelian groups over X given by
π is the sheaf given by Definition 3.10, N is the ideal of E generated by E and the subscript 0 denotes the even part, and N ⊗ G n R π := π −1 N ⊗ π −1 O Y G n R π . Since any RR-SUY curve is locally split on the source by Proposition 3.6 and π * (G n R π ) = 0 by Corollary 3.14, similar statements to Lemmas 2.3 and 2.4 of [22] hold true with analogous proofs:
Lemma 4.10. There is a one-to-one correspondence between the set of equivalence classes of RR-SUSY curves (X → S , Z , D) extending (X * → Y, Z, L) and the cohomology set H 1 (X, G). (1) any RR-SUSY curve (π (m) : X → S (m) , Z (m) , D (m) ) can be extended to an RR-SUSY curve over S (m+1) ; (2) the space of equivalence classes of such extensions is naturally an affine space modelled on
4.3.
Local structure of the moduli of RR-SUSY curves. The local structure of the supermoduli of RR-SUSY curves M n R , assuming that the latter exists, can be determined by looking at the infinitesimal deformations of the universal RR-SUSY curve class X n R → M n R over the bosonic moduli M n R given by Theorem 4.5. Since the underlying scheme to M n R is M n R , one should have locally that
where E is a locally free sheaf on M n R determined by Equation 2 .1). If M n R exists, Θ Mn R |Mn R is identified by Proposition 2.12 with the sheaf of the (local) elements in Hom(M n R [ǫ 0 , ǫ 1 ], M n R ) that are extensions of the immersion M n R ֒→ M n R . Even if we do not yet know whether M n R exists, we can make sense of the homomorphisms of any superscheme S to it: they are the elements of S n R (S ), that is, the relative RR-SUSY curves classes over S . It follows that E * is the sheaf of the odd infinitesimal deformations of the universal RR-SUSY curve class (X n R → M n R , Z n R , Υ n R ) (sse Proposition 2.25).
We study those infinitesimal deformations by computing them locally for theétale topology. Take a trivializing cover p : U → M n R (Definition 4.6), so that p * Υ n R = [L] for a line bundle L on X U and there is an isomorphism ̟ : L⊗L ∼ → κ X U /U (Z U ). Let us write L = κ X U /U (Z U ) 1/2 . The sheaf of infinitesimal deformations is given by Corollary 3.14. We then have that the pull-back of E to U should be given by
where the second equality if relative Serre duality. Then the candidate for a local supermoduli of RR-SUSY curves is:
The local supermoduli of RR-SUSY curves is the superscheme:
where E U ≃ π U * (κ X U /U (Z U ) 1/2 ⊗ κ X U /U ) ≃ π U * (L ⊗ κ X U /U ). One has:
dim U = (3g − 3 + n R , 2g − 2 + n R /2) .
Proceeding again as in [22] (see also [11] ) one has:
Theorem 4.13. Let (π : X → V, Z, L be an RR-SUSY curve over an affine scheme whose even Kodaira-Spencer map ks 0 (π) is an isomorphism. Consider the sheaf E = π * (κ X/V (Z) 1/2 ⊗ κ X/V ). Then, there is an RR-SUSY curve (π : X → V, Z , D) over the superscheme V = (V, E) extending X , whose Kodaira-Spencer map ks(π) is an isomorphism. In view of Theorems 4.13 and 4.14, the construction of the supermoduli of SUSY curves given in [11] can be now adapted, with similar proofs, to the case of RR-SUSY curves. We consider the local supermoduli of RR-SUSY curves U = (U, E U ) , given by Definition 4.12. Since the even component of the Kodaira-Spencer map of the relative RR-SUSY curve (X U , Z U , L) over U is an isomorphism by Proposition 4.8, we can apply Theorem 4.13 to obtain a relative RR-SUSY curve (X U , Z U , D U ) → U , extending (X U , Z U , L) → U and whose Kodaira-Spencer map is an isomorphism. There is a natural morphism of presheaves U → SC n R |{Schemes} which maps a scheme morphism ϕ : S → U to the RR-SUSY curve ϕ * X U → S (recall that S n R is the presheaf of relative RR-SUSY curves). We can then consider the fibre product SC m g × S n R |{Schemes} U as a presheaf of superschemes. A section of this presheaf on a supercheme S is a pair formed by an RR-SUSY curve X → S and a morphism of schemes ϕ : S → U , such that X → S is an extension of ϕ * X U → S. By Theorem 4.5, the sheaf associated to the presheaf S n R × S n R |{Schemes} U is
where S n R is the sheaf of relative RR-SUSY curves . Proof. By Theorem 4.14, there is a presheaf isomorphism in the category of sheaves of superschemes, where ρ i = ̟ −1 • p i • (̟ × 1) and ρ = p • ̟. Moreover, (ρ 1 , ρ 2 ) : U × Mn R U ⇒ U is anétale equivalence relation of superschemes, so that S n R is identified with a separated Artin algebraic superspace M n R whose ordinary underlying algebraic space is the scheme M n R . Moreover, dim M n R = (3g − 3 + n R , 2g − 2 + n R /2) .
The separateness is proved as in Proposition 4.7.
4.5.
Universal relative RR-SUSY curves. We now construct universal relative RR-SUSY curve classes on the supermodui M n R . The algebraic superspace morphism ρ : U → M n R is induced by the relative RR-SUSY curve X U → U , so that one has X m U ∼ → ρ * X n R where X n R is the universal element corresponding to the identity in S C m g (M n R ) = Hom(M n R , M n R ). If we consider theétale equivalence relation of superschemes (ρ 1 , ρ 2 ) : U × Mn R U ⇒ U , one has ρ • ρ 1 = ρ • ρ 2 , and then, ρ * 1 X m U ∼ → ρ * 2 X m U as relative RR-SUSY curve classes. It follows that there is anétale covering of superschemes ψ : R → U × Mn R U such thatρ * 1 X U ∼ →ρ * 2 X U as true relative RR-SUSY curves over R, where we have writtenρ 1 = ρ 1 • ψ,ρ 2 = ρ 2 • ψ. Let us denote by X R any of them. The pull-back of (ρ 1 ,ρ 2 ) by X U → U gives anétale equivalence relation of superschemes (q 1 , q 2 ) : X R ⇒ X U and a diagram The sheaf X n R is representable by the quotient of anétale equivalence relation of superschemes, that is, is representable by a separated (Artin) algebraic superspace. Moreover, the two vertical morphisms in the diagram (4.2) induce a morphism of algebraic superspaces X n R → M n R , which endows (X n R → M n R , Z n R , D n R ) with the structure of a relative RR-SUSY curve class. We call it the universal relative RR-SUSY curve of genus g and degree n R .
Supermoduli of RR-SUSY curves with NS punctures
This last section is devoted to the construction a supermoduli for SUSY curves with both Neveu-Schwarz (NS) and Ramond-Ramond (RR) punctures. The construction follows directly from the construction of the supermoduli of SUSY curves with NS punctures given in [11] and the above construction of the supermoduli for RR-SUSY curves.
Recall that an NS puncture of degree n N S on a relative SUSY curve (π : X → S , D) is an ordered family (s 1 , . . . , s n NS ) of sections s : S ֒→ X of π and that a morphism of SUSY curves with NS punctures is a morphism of SUSY curves that preserve the corresponding sections. If π : X → S is a supercurve, one can define the (relative) N -supersymmetric power X [N ] → S as the quotient superscheme of the cartesian product X N by the natural action of the symmetric group S N by automorphisms of superschemes [9, 10] (in these references is proven that, X [N ] is locally split if and only if the relative odd dimension is n = 1). Then, for any supercurve π : X → S of relative dimension (1, 1) , the N -supersymmetric power is a locally split superscheme and the morphism X [N ] → S has relative dimension (N, N ).
Let us fix the number n R of Ramond-Ramond punctures and the number n N S of Neveu-Schwarz punctures, and let us consider the diagram (4.2). Taking n N S symmetric powers on the first two columns, which are relative supercurves, we get a new diagram
